TEKS

AR.2A  Determine the
patterns that identify the
relationship between a
function and its common
ratio or related finite dif-
ferences as appropriate,
including linear, quadrat-

m Writing Quadratic Functions

FOCUSING QUESTION What are the characteristics of a quadratic function?

ic, cubic, and exponential LEARNING OUTCOMES

functions. I can determine patterns that identify a quadratic function from its related finite
AR.2C  Determine the differences.

function that models a giv- I can determine the quadratic function from a table using finite differences,

en table of related values including any restrictions on the domain and range.

using finite differences and
its restricted domain and
range.

I can use finite differences to determine a quadratic function that models a
mathematical context.

I can analyze patterns to connect the table to a function rule and communicate
AR.2D  Determine the quadratic pattern as a function rule.

a function that models

real-world data and math-

ematical contexts using E NGAGE

finite differences such as

the age of a tree and its Square numbers can be represented using \ L=

circumference, figurative counters as shown. © &9,

numbers, average velocity, NN QMmO ©

and average acceleration. ;

MATHEMATICAL g &J @ » Dl

PROCESS SPOTLIGHT ) Q@ O v @ O Oe

AR.IF  Analyze math-

connect and communicate

mathematical ideas. What patterns do you see in the geometric arrangements of square numbers?
See margin.

ELPS

5C Spell familiar

English words with in- ) EXPLORE
creasing accuracy, and

employ English spelling
patterns and rules with in-
creasing accuracy as more
English is acquired.

A figurative number, sometimes called a figurate number, is a number that can
be represented by'a regular'geometric arrangement of dots or other objects. For ex-
ample, triangular numbers can be represented using arrangements of dots that are
shaped like regular triangles.

VOCABULARY @

finite differences, domain, @ ® O
range, vertex, axis of sym-
metry, x-interce jP’c y-inter-
cept, quadratic function o ® © @ @ ¢ @ © o ¢

ENGAGE ANSWER: I 3 6 10
Possible answer: The naffiibemaf

dots is equal to the terth niim, 76 “CHAPTER 1: ALGEBRAIC PATTERNS

ber squared.

2. In the table) Ay =1.

TERM TRIANGULAR

TERM TRIANGULAR
NUMBER NUMBER

NUMBER NUMBER

1 1 1 1
Ax=2—1=1< >Ay=3—1=2 Yo 33
2 3 2 3 Yoo 1
Ax =3 - 22 Yay=6-3=3 %W s,
3 6 o - V.. 3~
Ac=4-3%1 4 - - YAay=10-6=4 v 0,2
Y.. 6 3
Ax=5—4=1< >Ay=15—10=5 4 10 Y, 15 1 Thedatasetis
Ax:6—5=1< 5 15 >Ay=21—15=6 s s Y., 10 'z notexponential
6 21 Yo _21_.2 because the succes-
. G Y., 15" 5 sive ratios are not
The data set is not linear because the finite differences in the constant.

triangular numbers are not constant.
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Use counters to build a sequence of the first six triangular numbers. Record the num-

bers in a table like the one

shown.

TERM NUMBER ‘ TR%NMGBléLﬁAR

1 1
2 3
3

< 10
5 15
. 21

1. Asyoubuild the sequence, what patterns do you see in each successive term? 1

See margin.

2. Does the data set follow a linear or an exponential function? Explain your rea-

soning.
See margin.

3. What patterns do you see in the finite differences or

the successive ratios?
See margin.

4. Calculate the second finite difference. What do you

notice?
See margin.

5. The quadratic parent function is y = x°. Generate a
sequence with y-values for {x|x=1, 2, 3, 4, 5, 6}.

1,4,9,16, 25, 36

A set of numbers, such as
x-values or y-values, can

be represented with braces
using set notation. The set of
whole numbers less than 10
is represented as {0, 1,2, 3, 4,
5,6,7,8,9,10}. If thisset is a
set of x-values, it ¢can be writ-
tenas {xlx=0, 1,2, 3,4,5,6,
7, 8, 9,10} which is read “the
set/of all x such'that x equals
zero, one, two, ...”

6. Calculate the second finite differences for the quadratic parent function. What

do you notice?

Ac=2-1=1¢
Ac=3-2=1¢
Ac=4-3=1¢
Ac=5-4=1
Ax=6-5=1

X ‘ y 4.
1 1
AYy=%-1=3

2 4 ) N5 €352
SAy=9-475

3 9 Y7-5=2
YAy=16-9%57

4 16 59-7=2
>Ay=25-16=9

5 25 >1n-9=2
pAy=3625=11

6 36

The second'differences are all equal to 2 and are all constant.

4. TERM TRIANGULAR
NUMBER NUMBER

1 1
Ax=2—1=1<

2 3
Ax=3—2=1<

3 6
Ax=4—3=1<

4 10
Ax=5—4=1<

5) 15
Ax=6—5=1<

6 21

1.6 ¢« WRITING QUADRATIC FUNCTIONS
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Yay=3-1=2

»3-2=1
>4-3=1
>5-4=1
>6-5=1

Yay=6-3=3
YAay=10-6=4
Yay=15-10=5

Yay=21-15=6

The second differences are all equal to 1 and are all constant.

For each successite terun,
you add a row ofidotsto
the bottomyef the trian-
gle that is.one¥ot longer
than thewow of dots at
thé bottemn of the previous
triangle.

See the bottom of page 76.

Possible answers may
include:

The finite differences are
not constant, but they do
increase by 1 each time.

The successive ratios can

all be repgesented as

Ya
Yo~ 1 .

See below.
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REFLECT ANSWERS:

The first finite differences in a
quadratic function are not con-
stant, but increase or decrease
with a particular pattern. The
second finite differences are
constant in a quadratic func-
tion.

The level of finite differences
that are constant is the same
as the degree of the polynomial
(linear: degree one and first
differences constant; quadratic:
degree two and second differ-
ences constant).

ELL STRATEGY

Writing with familiar
English language words
(ELPS: ¢5C) helps students
both deepen their under-
standing of the mathe-
matical content as well as
become more comfortable
with the English language.
Having students use the re-
flect questions for a journal
entry in their interactive
math notebooks provides
an opportunity to reinforce
this language proficiency
skill.

78

7. What type of function do you think represents the relationship between the
triangular number and the term number, or its position in the sequence?
Possible answer: quadratic function

In a linear function, the first finite differences are constant. What is true
about the finite differences for a quadratic function?

See margin.

A linear function contains a polynomial with degree one (mx + b) and a
quadratic function contains a polynomial with degree two (ax? + bx + c).
What relationship is there between the degree of the polynomial and
the level of finite differences that are constant?

See margin.

Q EXPLAIN

Watch Explain and
You Try It Videos

In a linear function, the first finite differences, or the dif-

ference between consecutive values of the dependent vari-
able, are constant. But for a quadratic function, the first fi-
nite differences are not constant. They do, however, have a
pattern in that they increase or decrease by the same num-
ber. As a result, the second finite differences, or the differ-
ences between the first finite differences, are constant.

or click here

&3 -0=1¢
Av=t-1=1
Re=3-2=1¢
Ac=4-3=1¢
Mssta=1<

78 CHAPTER 1: ALGEBRAIC PATTERNS

Let’s look more closely at a quadratic func-
tion. The table below:shows the relation-
ship betweén x and f(x) in a quadratic func-
tion written in |polynomial or ‘standard,
flx) = ax? + bt e

‘ PROCESS y = fx)
0 a(0)? #b(0) + ¢ @
1 a()?+b(1) +c atb+c
2 a(22+b(2)+c | 4a+2b+c
3 a(3)2+b(3)+c | 9a+3b+c
4 a(4)>+bl4)+c | 16a+4b+c
5 a(5)2+b(5)+c | 25a+5b+c

CHAPTER 1: ALGEBRAIC PATTERNS

There are many forms of a
quadraticfunction. Polyno-
mial form, also called stan-
dardform;, expresses the
function as a polynomial
with exponents in decreas-
ing order.

flx) =ax*+bx +c

In standard form, a, b, and ¢
are rational numbers.

>Ay=(a+b+c)—c=a+b
>Ay=(4a+2b+c)—(a+b+c)=3a+b
>Ay=(9a+3b+c)—(4a+2b+c)=5a+b
>Ay=(16u+4b+c)—(9a+3b+c)=7a+b

>Ay=(25u+5b+c)—(16a+4b+c)=9a+b



The first differences are not constant, but there is a pattern as the differences increase
froma+bto3a+b, from 3a+bto5a+b, and so on. So let’s look at the second differenc-
es. When you look at the second differences, three patterns emerge.

x| =
S o
: . >Ay—(a+b+c)—c >A2y:(3a+b)—(a+b)

Ay=(4a+2b+c)—(a+b+c)=3a+b

4a+2b+c Ay =(5a+b)—(Ba+b)=2a

DAy =(9a+3b+c)- (4a+2b+c)=5a+b
>A2y:(7a+b)—(5a+b):2a

2
3 9a+3b+c

DAy =(16a+4b+c)— (9a+3b+c)=7a+b
4

16a +4b + ¢ >A2y:(9a+b)—(7a+b):2a

DAy =(250+5b +¢)— (16a-+4b+c)=9a + b
5 25a+5b+c

You can use these three patterns to determine the quadratic function from the table
of data.
The value of ¢ is the y-coordinate of the y-intercept, (0, c).

The second difference is equal to 2a.

The first difference between the y-values for x =0 and x =1 is equal to a + b.

FINITE DIFFERENCES AND QUADRATIC FUNCTIONS

In a quadratic function, the second differences be-
tween successive y-values are constant if the dif-
ferences between successive x-values, Ax, are also
constant.

If the second differences between consecutive
y-values in a table of values are constant, then the val-
ues represent a quadratic function.

The formulas for finding the values of 4, b, and c to write theiquadratic function only
work when Ax =1. When Ax # 1, there are other formulas that can be used to.determine
the values of 4, b, and c for the quadratic function.

1.6 « WRITING QUADRATIC FUNCTIONS

INTEGRATE
TECHNOLOGY

Use technology such as

a graphing calculator

or spreadsheet app on a
display screen to show
students how, no matter
the numbers present in the
quadratic function, the sec-
ond differences will always
be constant.
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ADDITIONAL
EXAMPLES

What type of function (lin-
ear, exponential, or qua-
dratic) would best model
the data sets below? Justify
your answer.

1.

bl 1| 3 5 7 9

(/A 15 | 135 | 1215 | 10935 | 98415

Exponential

2.

x 1 2 3 4 5

Y 6 -4 | -18 | -36 | -58

Quadratic

80

/ EXAMPLE 1

What type of function would best model the data set below? Justify your answer.

(0} (0}
1 1
2 6
15 15
4 28

STEP1 Determine whether or not the set of data represents a linear

function.

Ax:1—0:1<
Ax:2—1:1<
Ax:3—2:1<
Ax=4—3=1<

(0} 0o
1 1
2 6
15 15
4 28

Day=1-024
Day=6-A=5
> dy £ 15 69

>Ay=28—15=13

The differencesiin , Ax, are all 1, so they.are constant.

The differencesdn y, Ay, are not all the same, so they are not constant.

Therefore, the set of data'does not represent a linear function because

the first finite differences are not constant.

CHAPTER 1: ALGEBRAIC PATTERNS

80 CHAPTER 1: ALGEBRAIC PATTERNS




STEP 2 Determine whether or not the set of data represents an
exponential function.

0 0
1
Ax=1-0=1 < >z—;=5(undeﬁned)
1 1
Ax=2—1=l< 2-%6
—3_ o~ 2 6 Yy 15
Ax=3-2=1 V=6 =25
3 15 2
Ax=4-3=1 < >y—:=1—5 = 1.8666...
4 28

The data set is not exponential because the successive ratios are not
constant.

STEP 3 Determine whether or not the set of data represents a quadratic

function.

x ‘ y

0 0
Ax=1—0=l< Dhy=1-0-1

1 1 DNy=5-1=4
Ax=2—l=l< Dhy=6-1-5

2 6 DNy=9-5=4
Ax=3—2=l< DAy=15-6=9

3 15 DAy=13-9-4
Ax=4—3=l< DAy=28-15-13

4 28

The second finite differences are all 4, so the set of data represents d quadratic function.

o M A\

A

a

Determine if the function rule for the set of data is linear, exponential, or'quadratic.

0 (0}
1 1
2 7
3 19
4 37

AnswersThe set of data does nét represent any of these functions.

1.6 « WRITING QUADRATIC FUNCTIONS
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ADDITIONAL
EXAMPLES

What type of function (lin-
ear, exponential, or qua-
dratic) would best model
the data sets below? Justify
your answer.

1.

None ofthe,funietions

INSTRUCTIONAL HINTS

Help students organize
their thoughts by creat-
ing their own flowchart
of steps for determining
whether or not a set of
data represents a linear,
exponential, or quadratic
function.

Within the flowchart ask
students to include the
questions they ask them-
selves as they look at data
such as, “are the differenc-
es in x constant?” or “are
the successive ratios con-
stant?”

81



INSTRUCTIONAL HINTS

If students are struggling
with “triangular numbers,”
have them turn back to

the Explore on pg. 76 for a
visual.

Give students isomet-

ric graph paper to draw
square or hexagonal num-
bers. Have them create a ta-
ble of values and determine
the function rule for the set
of numbers they drew.

INSTRUCTIONAL HINTS
Encourage students to
add abbreviated direc-
tions for writing function
rules on their flowcharts
from the Instructional
Hints on pg. 82.

Summarizing learning in
one flowchart will help
students study and process
the material.

ADDITIONAL
EXAMPLES

Determine the function
rule for the Additional
Examples from pages 80
and 81.

pg- 80

1.y=53)r

2.y=-2x-4x+12
pg. 81
1.y=-6x-40

2. Not linear, exponential,
or quadratic

82 CHAPTER 1: ALGEBRAIC PATTERNS
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EXAMPLE 2

Determine the function rule for the set of triangular numbers shown below.

x ‘ y

0 0
1 1
2 15
3 6
4 10

STEP1 Determine the finite differences between successive x-values

and successive y-values.

x ‘ y

0 0

Ax=1—0=l< Dhy=1-0-1
1 1

Ax=2—1=l< Dhy=3-1-2
2 3

Ax=3—2=1< Dhy=6-3-3
3 6

Ax=4—3=1< > hy =10y 64
7 10

STEP 2 Determine whéther or not the differences are constant.
The differences in x, Ax, are all 1;'so they are constant.
The differences in y, Ay, aremot constant.

STEP 3 Determine whether or not the second finite differences in
successive y-values are constant.

k% ‘ y

0 0
Ax=1—0=1< Dhy=1-0-1

1 1 Day=2-1=1
Ax=2—1=1< Dhy=3-1=2

2 3 Ddy=3-2=1
Ax=3—2=1< Ddy=6-3-3

3 6 DNy=4-3=1
Ax=4—3:1< Dhy=10-6-4

4 10

The second differences are all equal to 1 and are constant.

CHAPTER 1: ALGEBRAIC PATTERNS




STEP 4
Forx=0,y=0.Soc=0.

1
The second finite difference is 24, so2a=1and a = 3.

a+b,soa+b=1.Since a=73, b must also equal 3.

STEP 5  Write the function with the values for a, b, and c:

1, 1 2
f() = 3x2+3x+00r f(x) =% ;-x

Calculate 4, b, and ¢ for the quadratic function f(x) = ax? + bx + c.

The first difference between the y-values for x = 0 and x = 1 is equal to

Determine the function rule for the set of pentagonal numbers using the values in

the table. Use mental math to calculate the finite differences.

= |

<=

(0} (0}

1 1

2 5

Y

4 22 :I 5 12 22 35
Answer: f(x) = %xz - %x +0= 3x22— =

/ EXAMPLE 3

Write a quadratic function where the second fifiite differenice is 4, the'y-intercept is

(0,1), and a + b is 5.

STEP1 Determine the values of 4, b, and c.

The second finite difference is'4. So 2a=4, and a = 2.
The y-value ofthe y-intercept, ¢, is\1.
Sincea+b=5and a=2, thenb=3.

1.6 « WRITING QUADRATIC FUNCTIONS 83
ADDITIONAL EXAMPLES 3.
1. Write a quadratic function where the second finite dif- (3l 1 | 2| 3| 4|5
terence is 3;ithey-intercept is (0, -2), and a + b is 13. M | < |28 56| -8s
flx) =1.5x* + 11.5%- 2
) ) ) flx) =-2x7 - 14x + 32

For the'data sets shown, write a function rule relating the
variables.
2. 4.

x 2 | 3| 4|5

‘el O | 1 | 2 | 3 | 4
'l 12| -10| -4 | 6 |20

flx)=x*+5x+3

flx)=2x*-4x-10

ADDITIONAL
EXAMPLES

Create a table of values for
square numbers from the
Engage diagram on pg. 76.
Then determine the func-
tion rule.

flx) = x?

Determine the function
rule for the set of hexag-
onal numbers using the
values in the table.

X 0 1 2 13 4
Y 0 1 6 15 | 28
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INSTRUCTIONAL HINT

If students struggle with
finding ¢ in YOU TRY IT #3
help them work through a
few of the Additional Ex-
amples on page 83 before
revisiting the YOU TRY IT.

STEP 2  Write a quadratic function in standard form: ax? + bx + c.

fx)=2x*+3x+1

For the data set below, write a function relating the variables.

x|

<=

23

43

g [N [ WDN

69

Answer: y=3x?-x-1

Z PRACTICE/HOMEWORK

For questions 1— 8, use finite differeficesandvmenttal math, ds appropriate, to determine if the data
sets shown in the tables belowsrepiesent a linear, exponeidtial quadratic, or other type of function.

1. x| y=f 2. x| y=fe 3. x| y=fe
1 5 1 5 1 5
2 n 2 n 2 9
3 21 3 17 3 16
4 35 4 23 4 29
5 53 5 29 5 52
Quadratic Linear Exponential
<EEEEEEN () EEEEECE - EEEREEN
1 5 1 5 1 5
2 14 2 12 2 8
5 29 5 31 5 13
4 50 4 68 4 20
5 77 5 129 5 29
Quadratic Other Quadratic

84 “CHAPTER 1: ALGEBRAIC PATTERNS
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7. IR . IEENNDCN
1 5 1 5
2 n 2 9
3 24 5 13
4 58 4 17
5 n7 5 21
Exponential Linear

For questions 9 — 12, the data sets shown in the tables represent quadratic functions. Use
finite differences to determine the values of a, b, and ¢ and then write the function in standard
form.

o. IEREEES iy x | y=f
0 7 (0] 3
1 10 1
2 19 2 13
3 34 3 24
a=3,b=0,c=7 a=2,b=1,c=3
f(x)=3x2+7 f(x)= 2x?+x+3
. IEEEE 2. IEEEEC)
0 -1 (0] -6
1 5 1 -1
2 19 2 14
3 41 3 39
a=4,b=2,c=-1 a=5b=0,c=-6
f(x) =4x?+2x -1 f(x) =5x?-6

For questions 13 — 16, the data sets shown in the tables represent quadratic fungfions. Clse
finite differences to determine f(0), the values of a, b, and c and then writesthegfungtion’in

standard form.
13. IEREEC A = | y=fv
0 ? 0 ?
1 -1 1 3
2 5 2 16
3 13 3 41
4 23 4 78
f(0)=-5;a=1,b=3,c=-5 f(0)=2;a=6,b=-5,c=2
f(x)=x>+3x-5 f(x) = 6x2 >5x + 2

1.6 « WRITING QUADRATIC FUNCTIONS
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15. x| y=fe) 16. x| y=fm

0 ? o} ?

1 -9 1 7

2 -8 2 22

3 -1 3 45

4 12 4 76
f(0)=-4;a=3,b=-8,c=-4 f(0)=0;a=4,b=3,c=0
f(x) =3x2-8x -4 f(x) = 4x* + 3x

For questions 17 — 20 use the situation below.

Q CRITICAL THINKING
Toothpicks were used to create the pattern below.

[ |

17. Relate the length of one side of the'figure, x, to the area of the figure, y, by com-
pleting the table below. The'firstirow has been completed for you.

LENGTH AREA
x y
1 1
2 G
3 9

18. Write the function relating the*variables in problem 17.
y=o¢

19. Ifithe pattern continues, what would be the area of a figure with a side length
of 7?
49

86 " CHAPTER 1: ALGEBRAIC PATTERNS
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20. Relate the figure number, x, to the total number of toothpicks needed to create
the figure, y, by completing the table below. The first row has been completed

for you.
FIGURE TOTAL
NUMBER TOOTHPICKS
x y
1 4
2 12
3 24

21. Write the function relating the variables in problem 20.
y=2x2+2x

22. If the pattern continues, how many toothpicks would be needed to create
Figure 5?
60

For questions 23 — 24 use the situation below.

SCIENCE

GRAVITY EXPERIMENT

An experiment is conducted by dropping an object from a height of 150 feet and mea-
suring the distance it has fallen at 1-second intervals. Identical objects were used to
perform the experiment on Venus, Earth, and Mars. The tables below show the results
of each experiment.

VENUS
TIME DISTANCE

EARTH MARS
TIME DISTANCE TIME DISTANCE

(SEC) (FEET)

X

Y

(SEC) (FEET) (SEC) (FEET)

Y

0 0 0
14.8 1 16 6.2
5982 2 64 248
133.2 3 144 55.8

23. Determine if each table represents a linear, exponential, or quadraticfunction.
Venus: Quadratic Earth: Quadratic, “Mars: Quadratic

24. Write a function relating the variables ireach of the tables'above.
Venus: y = 14.8x?
Earth: y = 16x?
Mars: y = 6.2x?

1.6 « WRITING QUADRATIC FUNCTIONS
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